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TORSION POINTS ON ABELIAN ETALE
COVERINGS OF P' - {0,1, 0}

ROBERT F. COLEMAN

ABSTRACT. Let X — P! be an Abelian covering of degree m over Q(um)
unbranched outside 0,1 and oo . If the genus of X is greater than 1 embed
X in its Jacobian J in such a way that one of the points above 0,1 or oo
is mapped to the origin. We study the set of torsion points of J which lie
on X . In particular, we prove that this set is defined over an extension of Q
unramified outside 6m . We also obtain information about the orders of these
torsion points.

INTRODUCTION

Suppose f: X — P Q) is a Galois morphism of curves over Q(u,,), un-
branched outside {0, 1,00} with Abelian Galois group of exponent m . Then
C=f" {0, 1,00} is contained in a torsion packet T (see [C-1, C-2 or C-3]).
We call the elements of C, the cusps of X and T, the cuspidal torison packet.
The group of divisor classes on X represented by divisors of degree zero sup-
ported on T is finite and Abelian. We define the exponent of T to be the
exponent of this group. In this paper we will prove:

Theorem A. (i) If the genus of X is at least 2 then the exponent of T divides
a power of 2m. (ii) If in addition X is not hyperelliptic then the exponent
divides 2 times a power of m.

We also prove that conjecture B of [C-3] holds for the pair (X, T). In this
case, the conjecture is equivalent to the assertion:

Theorem B. The extension Q(T)/Q is unramified outside 6m .

The technique of proof is that developed in [C-1 and C-3]. See also [C-2]
where more precise, less general, results are proven.

The factor of 2 in case (ii) of Theorem A is probably an anomaly in gen-
eral, and we can eliminate it in many cases (see Theorem 9 below). However,
as we shall show in §VIII, it is really necessary for Klein’s twisted quartic,

Xy+rz+2’x=0in PQ( y which is a cyclic septic covering of P& ) ?

unbranched outside {0, 1,00}, via the function —X 2 Y/Z3 . In fact we show
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the exponent of T , in this case, is 14 and #T = 24, which contradicts Theorem
5.3 if [C-1]. (It is only valid for p > 2.)

A brief description of the contents of this paper follows. In §I, we recall
and prove some results on PCM de Rham F-crystals, especially applicable to
cyclic Fermat quotients. Denote such a quotient by F and its cuspidal torsion
packet by T . In §II, we apply the results of [C-3] to F . Essentially, we prove
Theorem B for the elements of 7" which are “far from the cusps” (Proposition
5). In §III, we use the results of §I to analyze T “near the cusps” and complete
the proof of Theorem B for 7" (Proposition 6). We actually prove more and
obtain information about when it is ramified above 2 or 3. This leads us to
investigate when F has hyperelliptic or ordinary reduction, which we do in
§§IV and VI. In §§V and VI we deduce Theorem A for T (Theorem 9) from
Propositions 5 and 6 together with the theory of complex multiplication of
Abelian varieties due to Shimura-Taniyama and results of [F, G-R, and K-R].
In §VII, we deduce Theorem A, in general, from Theorem 9 and Proposition 6.
In §VIII, we investigate the cuspidal torsion packet on Klein’s twisted quartic.
We also give a simple proof, inspired by Klein’s [K] that this is the unique curve
over the complex numbers of genus 3 with 168 automorphisms.

I. PCM DE RHAM F-CRYSTALS

This section is rather technical, and may be skipped until it is needed in §III.

We will employ the language and results of [C-3]. Let p be a fixed rational
prime, Q » the field of p-adic numbers, C » the completion of a fixed algebraic
extension of Qp , and K the closure of the maximal unramified algebraic clo-
sure of Q p in C P Let v denote the valuation on Cp such that v(p) = 1.
Let R denote the ring of integers in K and F the residue field of K, so that
F is an algebraic closure of F P We let o denote the absolute Frobenius au-
tomorphismNOf both K and F. Let C be a fixed smooth complete curve over
R . We let C denote the special fiber of C. By a residue class of C we mean
a point in C(F) which we also think of as the analytic disk of points in C(C )
which reduce to this point. We let H ;R( C) denote the first de Rham cohomol-
ogy module of C over R and Q(C) denote the global sections of QI(C/R),
the sheaf of differentials on C over R. We identify Q(C) with its image in
Hle(C ) under the canonical map. We let F and V' denote the canonical o
and ¢~ linear endomorphisms of H;R(C ) called Frobenius and Vershebung

respectively. (For more details on the nature of F and V' see [C-3, §1].)
In particular,

(1) FV =VF =p.

By a de Rham F-crystal on C we mean a pair H = (H , W) where H isa
submodule of H ;R(C) and W C H is a direct summand of Q(C) such that
FH C H. It follows from (1) that VH C H . Now suppose that H is a fixed
PCM de Rham F-crystal on C. This means it is furnished with a direct sum
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decomposition of W into rank one R-modules;
W= @ B;
i€l
where I is an index set of cardinality equal to the rank of W over R, such

that if b € U, B, € B and r,k € Z such that ¢ = p™*V'(b) € H and

¢ e W* =W {0}, then ¢ € B. As explained in [C-3], if H is the pullback
of the first cohomology module of a CM Abelian scheme over R via a smooth
morphism, then H is a PCM de Rham F-crystal.

We will now introduce some notation for the features of a Newton polygon.
Suppose

f(T)=3 a,T"€C,IT].
n=0

If f(T)# 0, the Newton polygon of f(T), denoted N(f), is the lower convex
hull in the Cartesian plane of the points: {(n,v(a,)):n > 0}. By a slope of
N(f) we mean the slope of one of its sides or —oo if a; = 0. A minus slope
is the additive inverse of a slope (—(—o0) = 0).

Now fix a residue class U of C and a point Q € U(R). Fix b € B such
that b #0.Let 0=ny<n <---<n <--- be the sequence of integers such
that V"'b € B. This sequence is infinite by Lemma 6 of [C-3]. Let

b, = p Vb,
Then by Lemma 1 of [C-3] and the definition of PCM, b, € B, 51‘ # 0. Suppose
(2) ordUl},. =ord,b,.

Let T:U = B(0,1) be a uniformizing parameter on U over R such that
T(Q)=0. For we W let L, denote the unique solution in K[[T]] of
L, 0)=0, dL, (T)=w onU.

(Note: we regard L, asa power seriesin 7' and hence as a function on B(0, 1)
and L (T) as an analytic function on U.) Set N(w)= N(L,).

Let k; = 1+ord; b, and set Q, = (kip"’ , — i) . By the proof of Proposition
12 of [C-3], N(b) is the lower convex hull of the set of points {Q,: (k;, p) = 1}
and by Lemma 11 of [C-3], if p divides k; then

(3) n.,=n+1, k =pk

i+1?

(4) Q. = (k,p", = (i+1)).

Lemma 1. Suppose there exists a positive integer m such that
(i) k,<m forall i >0,
(ii) k;p" =k,p"modm forall i,j20.

Then kp" < kjp"f ifi<j.

Proof. Suppose i < j, then since n jzn, (ii) implies

ky=kp" ™" +am
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for some integer a. Now (i) implies a < 0. Hence
kip" =kp" +amp <k, p".
This completes the proof.

We will assume
n; n; . .
k.p Skjp ’ wheni<j
for the rest of this section.

Lemma 1.5. If we assume in addition to the hypotheses of Lemma 1 that p > m
then the set of Q, s is the set of vertices of N(w).

Proof. This comes down to proving slope(Qi—Q' 1) < slope(Qﬁn) if0<i<j<
n are integers. If we set n — j =r and j — i = s this becomes
sp’(k,p" —k;) > r(k,p’ — k).
Now because 0 < k < m we have
L) N
r(kjp -k;)<rmp,

also

sp’(k,p" — k;) = sp’[k,p" /mim > [p" /m]p’m.

The lemma now follows from the inequality [p'/m] > r for r > 1 as p >
m. 0O

Suppose 0 < i, <---<i < is the sequence of positive integers such that
Q,.l_ is a vertex of N(b) for j> 0. Set i, =0. If Q, is not a vertex, then i,
is the smallest natural number such that (ki. ,p) = 1. This number exists by
(3).

Lemma 2. Suppose Q, is a vertex of N(b), i, < l<i
and t > 0. Then the set of vertices of N (b)) is

.+ Jor some integers |

AU {(ki]p"'/_n' A—i):j>t}
where
AC {(k,.p"’_"’ JA—=0):i
and A={(k, ,0)} if l=1i,.
Proof. Set Q, ;= (k;p"™"™,1—1i). Then N(b,) is the lower convex hull of the
set of these points and
(5) slope(Q, ;Q, ;) = p"'slope(Q,Q;).

The lemma follows from this and the fact that if / < i < j <i,_, and both
Q,; and Q, ; are vertices of N(b,) then

>i>1,(k.p)=1)

t+1

————

(6) slope(Q,0,) < slope(Q, 0, )

1+1
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with equality only if / =i, and j =i, as the points Q, and Qj lie above
the segment from Q; to Q.- 0O

Let r be the smallest positive integer such that V'b € bR . This exists since
V' is injective. Let d be the integer such that n, = r. Let e be the largest
integer such that [, <d.

Lemma 3. We have

(7) niga=n+r
and
(8) ij+e=ij+d.

Proof. Suppose s,t €N, 0<s<r. Then V" (b)e V'(b)R so V'*(b) € B
iff V()€ B iff s = n; forsome 0 <i<d. Henceif j, f> 0 are the integers
such that ¢r = n;, (t+ 1)r= n;, . then we must have

"

= r+n;

for 0 < i < f and also that f = d. Statement (7) follows immediately by
induction from this.
Now since bR = b,R we have N(b) = N(b,). Note that i, <d < i, .
Lemma 2 implies
n,=n, —n,, j>0,

i i(‘+1

et

So by (7), Miva =M, and hence i; +d =1

increasing with i. This proves (8).

ver since the n; are strictly

Lemma 4. Suppose s is a common finite minus slope of the N(b,), i > 0. Then
d=e, ij=j, k,.EkjséOmodp forall i,j>0, s'eZ and

1

(9) ' = p'k, modp”™
for some r e N.

Proof. First, in view of Lemma 2, after replacing b with bz‘, if necessary we
may suppose Q, is a vertex of N(b). The minus slopes of N(b) are s, J21,
where

s; = —slope(QijQim).
By Lemma 3,
(10) Sje=0""s,.
Now suppose i, </< i, . Then by Lemma 2 the minus slopes of N(b,) are
either of the form

—slope(Q; , Q,;.,) =P,
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for j>¢t or j=1t and / =4 (using (5)), or of the form
(11) —slope(Q, ;0, ;)
if I>i and / <i<j<i, aresuchthat Q, ; and Q,; are vertices of
N(b)). If i, <l<i,, then inequality (6) implies no minus slope of the form
(11)is a common slope of both N(b,) and N(b; ,) since the minus slopes of
the form (11) are all strictly greater than those of ‘N (b,)-
We conclude from this that s is of the form p” S]/ for each / and some j,
such that i, > /. Hence

_ M
(12) S, =D 8.
Now,
-m —ng_, -r
(13) S, >p s, >>p s, >p 8.

But, (8) implies N(b) has exactly e minus slopes m such that s, =2 m>
p—'sjo. Hence by (12) and (13), d = e and i=j.It follows that

1

ki p™t =k o

s, =

and s, = p_"’so. This and (12) imply (9). This completes the proof.

Corollary 4.1. If s is a common finite minus slope of N(w), w € W, then
sT'eZ and s¥' -1 EOI‘de modp forall be B.

II. CycLic FERMAT QUOTIENTS

Let m be a fixed positive integer. Let F, denote the complete projective

scheme over Z by the homogeneous equation

X" +Y"+2z" =0.
The finite flat group scheme over Z,

Ky X, X

Gm — m AWI m
actson F coordinatewise, where A is the diagonal copy of #,, in /1,3". Let a,b
and c be integers such that a+b+c =0. Let H, b= Ha .o b€ the subgroup
scheme of G, whose Q points are represented by triples ¢,.¢,.¢y) € um(G)3

such that é;’é;’é; =1. Then H, , _ is finite and flat over Z and we may define
the quotient scheme

Fa,b.czFabc—F/H
over Z. The group scheme
Ga,b,c=Gabc_G/H



ABELIAN ETALE COVERINGS OF P' — {0, 1,00} 191

actson F, - When (m,a,b,c) =1, we call these cyclic Fermat quotients.
They are cyclic in two ways. The Fermat curve F, is a potentially cyclic

covering of degree m of F,, . and F_ , . is a potentially cyclic covering of

degree m of P'. For the rest of this section we suppose a,b,c are fixed so
that (m,a,b,c) = 1. This implies that H , ~=pu ,and F has the affine
equation

w™ = (=D (1 - u).

The map f, , . from F, to F

2 b o 1S NOW given by
w=XY"Z" and u=-(X/2)".
Clearly

(1) H

a.b.c

=H

a' b’
if (a,b,c) = t(d,b',c') modm for some t € Z, (t,m) = 1. Also, the
evident action of S; on F, yields

(2) Fa b

if {a,.b,c}={d ,b",c'}. We write
(a,b,c)~(a',b',c'
m

=F

a' b’ '

)

if {a,b,c}={ta',tb',tc'} modm, for some t € Z, (t,m) = 1. When there
is no risk of confusion we write ~ in place of ~. From (1) and (2) we see that

F,, . =F,, .if(a,b,c)~(d b ).

ab,c

The genus of F is
80y e=&rp .= sm—((m,a)+(m,b)+(m,c)+2)

from which it follows that F_ , . has genus zero iff m divides a,b or ¢ and
has genus one iff m does not divide a,b or ¢c and m <4 or m =6 and 6
divides abc (see [C-M, Lemma 3.2]).
Now let x = X/Z, y = Y/Z be functions on F, . Let
_orsYx _ rosdy

W, =Xy xdy =Xy x—”’y
be differentials on F, . Then HO(Fm 'erm/z) is spanned by {w, :r>0, s>
0,r+s < m}. Clearly, the o, , are eigendifferentials for the action of
G,, with distinct eigencharacters. In particular, it follows that the Jacobian of
F,, . has CM over Q(u,) by the image of the group ring Z[Gm(_Q)] in its
endomorphism ring.

Let C,, C F, (Q) denote the locus of XYZ on F, and
—1 —_—

Copo=u {0,100} CF,, (Q)

Then fa,b,ch =Ca.b’c. Wecall C, and C, p the cusps of F, and Fa,b,c,

b
respectively. It is well known [Ra, Ro] that C, and C, , . are contained in
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torsion packets in F, (Q) and F,

ab,.c

(Q) which we shall denote by 7,, and

T, , . respectively. Clearly, T, , . is stable under GQ = Gal(Q/Q).
If w isfixedby H, , . then o, s 1s the pullback of a unique differential
v,,on F, . . Let

L,,={(r.,s):0<r<m,0<s<m,br=asmodm},

L) ,={(r.s)€L,,:r sandr+s are not 0 modm},

LZ_b ={(r,s)eL;‘b:r+s<m}.

Then {v, ;:(r,s) € LZ‘ »} 1s an eigenbasis with distinct eigencharacters for

Q,, . EHF

ab.c’

Q\(F, , ./Z)

under the action of G, .
For i e P&(G) let r, be an integer such that r0+ﬂ+r°° =m, (ry,r)€L,,
and r;=11if i ¢{0,1,00}. Thenfor P€ F,, (Q)

(3) ordPurO "= (ru(P)/(ru(P) ,m))—1.
Moreover, if we regard u = —x™ as a function on F, then

(4) ord,w, . =r,p —1,

for Pe F, (Q). Let
Z,,.={PeF,, (Q):v, (P)=0 for some (r,s) € LZ‘b}.

Then it follows that Za,b e Ca’b e

Assume that g, , . > 2 for the rest of this section. Let p be a fixed rational
prime not dividing m . It follows that F, and F, , . have good reduction at
p. Let p be a fixed prime of Q lying over p. Embed Q in Cp via p and
extend scalars to R. As in the proof of Corollary 21.1 of [C-3], it follows that
the de Rham F-crystal on F, , ., (Hy(F, , . x R/R),Q,, .®R) is PCM
with respect to the decomposition

Q,, . ®R= @ v, R.

(r.s)EL, »

A “~ 7 superscript will denote reduction modp (not to be confused with our
other use of “~ ™).
Suppose Q€ T, , .. It follows from Theorems 20 and 21 of [C-3] that

Proposition 5. The extension Q(Q)/Q is unramified above p if one of the fol-
lowing holds:

(l) Fa b
elliptic. _
(i) F, , . issuperspecial at p and p>2 or F, ,

(iii) F, , . is extraordinary at p and é & Za b

is ordinary at p and p>3 or p=2 and Fa b ¢ Is not hyper-

4

is not hyperelliptic.

,C
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III. ANALYSIS AT A CUSP

We maintain the notations of the previous section. In particular,
(m,a,b,c)=1, g, , .22, p is a rational prime not dividing m, and p
is a prime of Q above p. We embed Q into C , Via p and extend scalars
from Z to R without altering our notation unless there is a danger of confu-
sion. We call the sets C,, and C, , . the cuspidal residue classes of F, and

F, b respectively. We shall prove’ in this section and the next,

Il

Proposition 6. If p > 2 or F,, . is not hyperelliptic, then T, , . N Za b
Z

ab,.c"

We wish to apply the results of §1. First, for w € Q, b and P € C, b
set

Q0
1,(0)= [ o
P
for @ € F,, .(C,). This is independent of the choice of P. Set T
£ (T, , ). By Theorem 3.1 of [C-1],
T = {Q € Fa b C(Cp))'w(Q) =0,we fa*.b ,cQa,b ,c}'

Now W :=f , ’CH;R(Fa » ¢/R) is a PCM de Rham F-crystal with respect to
the decomposition W = @ w, R where (r,s) runs over L'a',b .
If 0 € C,, then ordjw, = ordafor - Moreover, if Ve, ;e

R then

p"(r'.s') = (r,s) modm. Hence it follows that this F-crystal satisfies the
hypotheses of Lemmas 1-4. Hence by Lemma 4, if Q€ C, and TNnQ # Q,
then

r' s’

orde, = orde mod p

r' s’

forall (r,s) and (r',s") e L;',b . By §11(4), if u(Q) = 0, this is equivalent to
(-1) r=r mod p

forall (r,s) and (r',s") € L;’l » - To understand what this means, we need the
following lemma.

Let
SI

a

SII

a

= {r:there is an s such that (r,s) € L; e

» = {r:there is an s such that (r,s) € LZ‘b}.
For (r,s)eL,,,let (r,s)"=(m—r,m—s). Then
n " * !
La ,bU(La .b) = La b
Lemma 7. Suppose | is a positive integer which does not divide m and

(0) #(S, , mod/) = 1;
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then either 2(m,a) = m and S;',b ={m/2} or =2 and L, ,=L_, .
Proof. Set a' = (m,a), b’ =(m,b), ¢’ =(m,c). First we observe that
(1) S, ,C{id:0<i<m/a}
and m > 5, since otherwise g, , ., < 2. We claim 4’ € S, , . There exists an
0 < s < m/a such that ba’ = as modm since (a/a’,m/a’) = 1. Now
(d,s) e L,,. a #0,and a' +s5s < a +m/a’ < m unless a' = 1 since
m>4. If @ =1 then @' +5s < m unless s = m — 1 which would imply
a+b =0modm, a contradiction. Hence (a’,s) € L;"b so a' € S;"b , which
establishes our claim.

We also claim that if 4’ > 1, and m/a' > 2 then 24’ € S;"b. There

exists an 0 < s < m/a’ such that 2ba’ = asmodm . Hence (24’ ,s) € L,,,
2a Z0 modm, and s # 0. Also,

2d' +s<2d +mjd <m

unless @' =3, m=9 orad =2 and m=6 or8. If ' =3, m=9 and
2a' + s > m then s = 3 so that 3 divides b, a contradiction. We obtain a
similar contradiction if @' =2 and m = 8. If ¢’ =2 and m = 6k, then
24’ +s > m implies s = 2 or 3. In the former case 3 divides ¢ and in the
latter case 3 divides b. Hence in either case g, b <2, acontradiction. This
establishes the claim.

At this point, we conclude that if @' > 1 and m/a’ > 2 then {a’,24'} C
S;"b so that we must have @’ = 24'mod/. As / does not divide m, this is
impossible. Hence we must have either a’ > 1, m/a' =2ord=1.

Suppose a' > 1, m/a’ = 2. Then it follows from (1) that S; b= S;"b ={a"}
which yields the lemma in this case.

Finally, suppose a' = 1. Then as we checked above, thereisan 0 < s < m—2
such that (1,s) € L;',b. Let 0 < s’ < m such that s’ = 2smodm. Then
(2,s") e L;’ , unless s'=0o0or m—2<s' <m which implies m-2<2s<m.

If m is odd this implies s = (m — 1)/2 so

L,,=L, (m=1)/2 = L_,,

and (3,(m-3)/2) € LZ'b since m > 5. Hence in this case (0) implies 1 =
3mod/ so /=2.

If m is even then either s =m/2 or s=(m—2)/2.

In the first case (3,m/2) € L:,b unless m = 6 and 6 divides abc so that
8 pe < 2, a contradiction. Hence in this case 1 = 3mod/ so that / = 2 but
(I,m) =1, a contradiction.

In the second case, s = (m—2)/2, (3,(m—6)/2) € LZ,b as g,,.22. As
before 1 = 3mod/, but this contradicts / + m. This completes the proof of
the lemma.

Now we are ready to finish the proof of Proposition 6. First, if 2(m,a) = m,
then it follows from §II(3) that the elements Q of C,, . with u(Q) = 0
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are not in Z_  , .. Next suppose that Q € Z , . such that u(Q) = 0 and
T

aben é # Q. Then, after pulling this statement back to F, , it follows from
(-1) and Lemma 7 that p =2 and {a,b,c} ~{-2,1,1}. The proposition
now follows from this, symmetry, and the result to be proven in the next section
that F, | _, is hyperelliptic.

Remark. The results of the last two sections relied on an analysis of the Newton
polygons of the integrals of the differentials @, . Let us summarize here what
we now know about these polygons.

Suppose w, . is a holomorphic differential on F, as above. Let Q be a
point on F, deﬁned over the maximal unramified extensmn K of Q If
Q € C we suppose Q € C, . Let T be a uniformizing parameter on Q
deﬁned over K which vamshes at Q. Let L(T) be a power series in T over
K with constant term zero such that dL(T) = @, . on é . Let (r,,s,) be the

r.s

sequence of pairs of integers such that 0 < r, ,s, <m and
p"(r,.s,)=(r,s) modm.
Then we have

Proposition 7.2. (i) Suppose Q ¢ C, . Then the vertices of the Newton polygon
of L(T) are {(p":—n):r, +s, < m}.

(ii) Suppose u(Q) = 0. Then the Newton polygon of L(T) is the lower
convex hull of {(rnp” , —n):r,+s, <m and (r,,p)=1}. Moreover, this is the
set of vertices of the Newton polygon of L if p>m.

This result follows from the discussion at the beginning of §1, Lemma 1.5
and the results of [C-3].

An example in which the set in (ii) differs from the set of vertices of the
Newton polygon of L(T) is m =5, p=2 and (r,s) = (1,2). From this
proposition one can see why the cuspidal residue classes are the rise points, in
the sense of [C-3], of F, , when F, has extraordinary reduction.

IV. HYPERELLIPTIC cYCLIC FERMAT QUOTIENTS

Maintain the notation of the preceding two sections.

Proposition 8. The curve F, , . xF , IS hyperelliptic iff
(i) (a,b,c)~(1,1,=2) or
(i) (a,b,c)~(1,n, —(1+n)) and m=2n.
Proof. We first check that the curves listed are hyperelliptic.

Case (i). F, | _, has the equation w" = u(1 —u) and u— 1-u, wr w is
the hyperelliptic involution.

Case (i1). Here m = 2n, and F, has the equation

n,—(1+4n)

w™ = u(l-u)"(-1)"".
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The quotient curve by the involution (u,w)+— (4, —w) has the equation

- u(l _ u)n(_l)nﬂ

which, as we observed earlier, has genus zero. Hence F
tic.

is hyperellip-

1.,n,—(n+1)

Now suppose F =F, , . xF » is hyperelliptic. Let 7 denote its hyperelliptic

involution. Then t commutes with the action of G,,.onF.

Case (i): 1€ G, , ’C(Fp). This means 7 acts nontrivially on F/G, , . which
is the wu-line. Moreover it must permute the branch locus, {0,1,00}. By
symmetry we may suppose it fixes oo. It follows that 7(u) = 1 — u and so
a=b and (a,b,c)~ (1,1, =2).

Case (ii): 1€ G, , C(Fp). Since G, , . = u,, it follows that m = 2n and

T(u,w)=(u, —w). Now F_, /(1) has the equation
v" = u*(1 - u)’ (1),

This must have genus zero so » must divide a, b, or ¢. By symmetry we
may suppose n divides b. Since m does not divide b, b = n mod m . Since
(m,a,b,c)=1, we must have (m,a) =1 or (m,b) = 1. By symmetry, we
may suppose (m,a)=1. Then (a,b,c)~ (1,n, —(1+n)) as required. This
completes the proof.

Corollary 8.1. F, , xF, is hyperelliptic iff F, , .x Q is hyperelliptic.

Corollary 8.2. For a given positive integer m, there are at most 9 hyperelliptic
cyclic Fermat quotients. This maximum is achieved iff m = 2n and n > 2.

V. TORSION POINTS ON CYCLIC FERMAT QUOTIENTS
It is the aim of this section and the next to prove

Theorem 9. (i) The exponent of Tm . divides a power of 2m .

(i) If F b Is not hyperellzpttc the exponent divides 2 times a power of
m.

(iii) If, in addition to the hypothesis of (i), (m,21)=1 or (m,3) =1 and
(a,b,c)#£ (1,2, —3) then the exponent divides a power of m .

Our first task is to prove the following proposition.
We now fix m and a,b,c. Let f, (x) denote the mth cyclotomic poly-

nomial. Let J = J;"b denote the Jacobian of F,, = and JeY =

ab.c ab,.c
(J;"b ™" the quotient of J, , . by the subabelian variety f, (g)J, , . Where

g is any generator of G, , ThlS abelian variety is still deﬁned over Q. Then
over the field of mth roots of unity, L = L, J)) . has CM by the ring

ab.c

Z[G’" b C(Q)]/ (f,,(8)) which is isomorphic to the ring of integers & = &, in
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L . Identify the two rings via an isomorphism such that the identity represen-
tation of ¢ is contained in the representation of & on HO(Ja be ,Q} , /@).
For (t,m) =1 set -

r(t) = {at/m) + (bt/m) + (ct/m).

Let 0, € Gal(L/Q) such that (” ={', { € u,,. Then the CM type of J,°' .
with respect to & is
m
q)a, a b . Z (1) - 1)g,

where ¢ = (-1 )’“) and the ' indicates that the summation is taken over indices

prime to m. Note that r(¢) - 1€ {0, 1}.

Proposition 10. Let p be a rational prime (p,m) =1 andlet Q € J;°, (Q).
(i) If the order of Q equals p then Q(Q)/Q is ramified above p unless
p=2and J' isordinary at 2.

a,b.c

(ii) If the order of Q equals p2 then Q(Q)/Q is wildly ramified above p .

Proof. Let p be a prime above p in L. It suffices to prove:
(i") If order(Q) = p then L(Q)/L istamely ramified above p and is actually
ramified above p unless p =2 and J;°' . is ordinary at 2.

(ii") If order(Q) = p2 then L(Q)/L is wildly ramified above p.
Let 7, denote the p-Tate module of J:% (). Let G, denote the inertia

subgroup of Gal(f/L)“b above p. Then by class field theory we have an iso-
morphism A:é’; = G, , where é; is the completion of & at p. Hence, we get
a map

g, — Aut%(Tp) =g
where é’p = Zp ® @, the completion of @ at p. This map is completely
described by @, , .. Explicitly, this map takes x — xPate g ﬁ; for x € é’p" .

If Q isasin (i’) or (ii”), we deduce Q'™ = x®*<Q =x’Q, where
= k 1
0=>Y (rep’)— o, ,
k=0
g=p = [F,| and F, is the residue field at p. For 1 € Z, set s(t) =
r(e)” 1. Thenif xe &,
x% =x* modp

where a = Z{-:(;;x(ﬂ‘):l pk and if ye ﬁp and x =1+ py
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Now 0 <a<g—1 unless p =2 and s(pk) =1 forall 0<k< f,i.e., unless
p =2 and

(1) @, ,.0,=

ab,c ab,.c’

As in [G-K] this means J)°, . is ordinary at 2. Hence if p > 2 or J;

ab.c
not ordinary at 2 there exists an x € ﬁ; such that x’ # 1 modp. Hence if
order(Q) =p, Q is not fixed by A(x) which implies (i’ ).
Also, if

f(T) = Z

k=0
s(p*)=1

then deg f(T) < pf ! < g, sothere existsa y € @, such that

(1 +py)0 1 modpz.

It follows that if order(Q) = p® then Q is not fixed by A(y). This yields (i),
and so completes the proof of the proposition.

Now J.", . is isogenous to [, (J 4 )™ and the degree of the isogeny

a,b,c
divides a power of m . Since Jl:" » . has good reduction outside m , we deduce

from Propositions 5, 6 and 10:

Proposition 12. Suppose p is a rational prime not dividing m such that p
divides the exponent of Ta”"b - Then one of the following holds:

(i) p=2 and F,', . is hyperelliptic.

(i) p =2, F‘:'fb . Is not hyperelliptic, 4 does not divide the exponent of
Ta"fb . and there exists a d dividing m such that (Jj‘b p
dimension and is ordinary at 2.

(iii) p = 3,9 does not divide the exponent of T, , ., and F:fb . is ordinary
at 3.

)"" has positive

VI. ORDINARY REDUCTION OF FERMAT JACOBIANS
Fix m,a,b,c as always except that we now allow g, .=1.

Proposition 13. Suppose (m,6p) = 1. Then J:f;"vc has ordinary reduction at
p iff one of the following holds:
(i) p=1modm or
(i1) p2 =1modm and (a,b,c)~(1,p, —(1+p)),
(1i1) 1+p+p250modm and (a,b,c)~(1,p, —(1+p)).

Remarks. (a) Conditions (ii) and (iii) imply that H, , . is normalized by an
automorphism of F, , . obtained from a permutatlon of {X,Y,Z} of order
two in the first case and of order three in the second. As a consequence, F|

has automorphisms notin G, , . over Q of order 2 or 3 in the respective cases
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(b) By results of Aoki this result can be shown to hold without the hypothesis
(m,6) =1 solong as m is sufficiently large (see [A]).

Proof. We follow the proof of Lemma 2.5 in [G-R]. As in [G-R] we have J , |
is ordinary at p iff

O =P

a,b.cap ab,c’

As ©, b0 -1 <I>pa‘ b pe Theorem 1 of [K-R] implies, under the hypothesis
(m,6)=1,that {a,b,c} ={pa, pb, pc} modm. Hence one of the following
sets of congruences mod m holds:

(a) a=pa, b=pb, c = pc,

(by a=pb, b=pa, c=c,

(c) a=pb, b=pa, c=pa.

Now (a) implies p = 1 modm as (m,a,b,c) = 1, while (b) implies
(a,m)=(b,m) =1, p2 =1l modm and p =1 modm/(m,c). If a =
b modm then p =1 modm. Otherwise (a,b,c)~(1,p, —(1+ p)). State-
ment (iii) follows similarly.

(Note: We have just repeated the proof of Theorem 2 of [K-R] in a special
case.)

Corollary 13.1. Suppose (m,6)=1.
(i) J;5 . isordinaryat 2 if m=7 and (a,b,c)~ (1,2, -3).
(ii) J; . isordinary at 3 iff m=13 and (a,b,c)~ (1,3, —4).

In particular:

Corollary 13.2. Suppose (m,6) =1, then F, , . isordinary at 3 iff m =13
and (a,b,c)~ (1,3, —4).

Remark. (J >, 3 3)"e is ordinary at 2.
We will now prove

Lemma 14. Suppose (m,3) = 1. Then F, has ordinary reduction at 3 iff
m is either 8 or 13 and (a,b,c)~ (1, 3 —4)

Proof. First note that F_ , = is ordinary at p iff (
for all d dividing m , iff

Wb )" is ordinary at p

d 4
(Da b .cap = (Da b
for all d dividing m iff
(1) pLZbELZb mod m.

From this we see that F, , . is ordinary, then so is F, for all d dividing m.
(This can also be deduced from general principles.)

By Corollary 13.2 we may suppose m = 2n. The lemma will follow by
induction from the next two lemmas.
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Lemma 15. Suppose F, , . has genus zero. Then F,', . is ordinary at 3 iff
m=38 and (a,b,c)~ (1,3, —4).

Proof. Since g, , 22 we may suppose n > 4. Also, after a permutation of
{a,b,c} we may suppose n divides b and (a,m) = 1. Then

L), ={(n:0<i<n,(i,2)=1}.

Let n=3k+i, 0<i<3.Let j=1if k isevenand j =2 if k is odd.
Then (k+j,n) e LZ’b but 3(k +j,n)=(3j—i+n,n) modm which lies in
L LZ‘ , unless 3j —i> n. This inequality implies j = 2 so that n =4 or

ab
S,butif n=5,i=2and 3j—-i=4<n. Hence n =4, and as (1'4)€La,b’

(@,b,c)~(1,4,=5)~(1,3, —4).

As 3L, ,=L, ,mod8, F, ,  isordinary at 3. This completes the proof.

¢

Lemma 16. Suppose n =8 or 13 and

(2) (a,b,c)7(1,3,—4).
Then F)', . is not ordinary at 3.
Proof. Case (i): n = 8. Then one checks that (2) implies

(a,b,c)~(1,3,-4)

m
but (3,9)€ L), while 3(3,9)=(9,11) mod 16 whichliesin L, , - L. ,.
Case (ii): n = 13. Then one checks that (2) implies

(a,b,c);:(l,3, —4)

but (5,15) € LZ'b while 3(5,15) = (15,19) mod26 which lies in L;,b =
LZ‘b . This completes the proof.

Theorem 9 will now follow from Propositions 12 and 13 together with the
following two lemmas.

Lemma 17. Tnl,33‘—4 = C,l‘33,_4.

Lemma 18. The extension Q( T18’3‘_ 4)/Q is unramified above 3.

Proof of Lemma 17. Set m =13 and F = F°, _,. Let 1 € Aut(F) be defined
by t:(X,Y,Z)—~(Z,Y,X). Then
tH

—1
abet =Hy o =H 5 _,.

It follows that 7 descends to an automorphism of F . (See remark after Propo-
sition 13.) We still call this automorphism 7. Then 7 and G, ; _, generate a
nonabelian group, G, of order 39. let p = 3 and let p be some prime above 3
of Q and extend scalars to K via p without changing notation. Then if U is
a residue class of F which contains a point of 7 not in F(K) then it follows
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from Proposition 15(iii) of [C-3] that #(UNT, , _, — U(K)) =2 and in the
notation of §4 of [C-1] or §3 of [C-2] that

(3) P(Z)((U)) =J(U),

where j:F — P( W, 5 _,) is the canonical embedding and % is the Cartier
operator. An easy computation reveals that

z- Y3 7 Y 7 V3 7 Vg
V)6
From this, it follows easily that U = (—1,{) where { € u|3(F3) in the affine
coordinates ¥ and w on F. Hence T = T, ; _, — F(K) has at most 26
elements. On the other hand, G preserves T since it preserves C, 34 and
is defined over Q. It follows that each element of 7' must be fixed by some
element of G. Now the points of F fixed by G, ; _, are just the cusps, which
lie in F(K). Hence, each element of 7' must be fixed by some subgroup of
order 3 of G. By Sylow’s theorem these subgroups are all conjugate in G. It
follows that if T # C, ; _, then T contains a fixed point Q of 7. Now Q
must equal (—w, ) where w is a primitive cube root of unity. Then 7T also
contains Q (the “complex conjugate” of Q). But if ¢ denotes the cusp at
infinity on F, then the divisor class of Q + Q — 2c has infinite order as in
Theorem 2.1 of [G-R]. This is a contradiction which yields the lemma.

v =V

65

5.2 V6

Proof of Lemma 18. Let F = F 18 3 _4- Then with respect to the affine equation

w® = u(l —u)3, it has the automorphism 7:(u,w) — (1 —u,w3/(l —u)). This

together with G, , _, generates a group G of order 16. Since 7 stabilizes the
cusps, G actson T =T, 18.3,_ .- Let S denote the subset of T consisting of
points ramified at some prime above 3. Suppose S # &. Then G actson S.
The fixed points of 7 are (1/2, + 1/v/2). Hence, the set of points fixed by
some conjugate of 7 is {(1/2,¢/V2), & € uz(Q)}. Since neither these points
nor the cusps are ramified above 3, no point in S is fixed by any nontrivial
element of G. Hence, if Q € S, #GQ = 16. Now F is ordinary at 11 and
has genus 2, so by Theorem A of [C-1], #T < 22. Since the number of cusps
is 6, it follows that #S =16 and S = GQ forany Q€ S'.

Let E = F/(1). Let f:F — E denote the natural map. Let O denote the
image of (O,0). Then (E, O) is an elliptic curve over Q with potential CM
over Q(v/=2) by Z[v/-2]. The function field of E over Q is generated by

_w2+1—u and _i+l—u
_l—u wz y_w w3

X

which are related by the equation
(4) Y= -2)(x+2).

The origin, O, is the point at infinity with respect to this model. It fgllows that
f(S) is a set of eight torsion points on E, stable under G = Gal(Q/Q) .
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Claim. f(S) contains a point of the form P + Q where P is a point of order
3 and Q is a point of order 2".

We know from Proposition 12 that every point in f(S) has exponent divid-
ing 3.2" for some n e N. Since E has good reduction outside 2, all we need
show is that f(S) contains a point ramified above 3.

Let p =3. Let p be a prime of Q above 3. Extend scalars to K via p.
Then each residue class of F which contains one point of S contains exactly
two by Proposition 15(iii) of [C-3]. Moreover, these two points are conjugate
by Ip = Autcom(Cp /K) = inertia group at p. It follows that S is contained
in a set R of 8 residue classes. Moreover, R is stable under G. We know by
Proposition 6 that none of these residue classes contains a cusp. Hence,

R={(1/2,&/V2)":e € ug(C,)}.

In particular, if U = (1/2,¢/v2)” where &¢* = —1 then U is not fixed by 7.
Thus if {x,x'} =UNS, f(x)# f(x'); but these two points are conjugate by
I, , hence they are ramified at p. This establishes the claim.

Let E; = E [31(Q) — {0}. We observe that by the theory of CM elliptic
curves, Q(E,) is a Galois extension of Q whose Galois group is dihedral of

order 8 and whose quadratic subfields are
(5) QWV=2). Q(W=3). Q).

In particular, the eight points in E, are all conjugate by GQ. Thus f(S) must
be the orbit of P + Q under Gy - Let Oy = (=2,0) on E with respect to the
coordinates x and y. Then Q, is a point of order 2.

Claim. If P is a nontrivial point of order 3 on E and Q is a point of 2-power
order such that Q ¢ {0, Q,}, then P + Q has at least 16 conjugates.

Without loss of generality, we may assume that either Q = (v/2,0) or 2Q =
Q-

If Q =(v2,0),then P+ Q has 16 conjugates since Q(v/2) is not among
the fields in (5) and so in linearly disjoint from Q(E,).

If 2Q = Q,, then Q(Q) is an extension of Q of degree at most 2 unramified
outside 2. Hence it is distinct from the fields Q(v/—=3), Q(v6). Next we
observe that #E(F,) = 2 so that Q(Q) ¢ Q(v/-2). Again it follows that P+ Q
has 16 conjugates. This establishes the claim.

We now see that f(S) = E; or E; + Q,. By computing inflection points we
see that 4 € E; iff x(4) is a root of

h(T)=3T"+8T° + 2T - 48T - 36.
Also, if B = (x,y)+ @, then
x(B)=-2(x+1)/(x+2)=L(x).

Now let ¢ be a primitive 8th root of unity and set i = ¢*. Then (u,w)es
iff (u,ew) e S. Let z = wz/(l —u). Then z(u,iw) = iz. Let g(T) =
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h(T +T7") if f(S)=E, and

1

g(T) =T +2)h(L(T))o(T+T ) if f(S)=E;+Q,.

Then S = {4 € F(Q): g(z(4)) = 0} and also
S={4e€F(Q):g(iz(4)) =0}.

Since #S = 16 it follows that g can have no multiple roots. Hence we must
have g(T) = cg(iT) for some ¢ € Q. By inspection we see that this is false.
Hence we have reached a contradiction and have proven the lemma.

Remark. Based on the above proof one can show that #7 = 6 or 22 and
#f(T -C, 2 _4) = 0 or 8. It should now be possible to compute 7" by consid-

ering the inverse image in F(Q) of points in E(Q) of 2-power order and at
most 8 conjugates. We have not done this.

VII. UNBRANCHED ABELIAN COVERS OF P' — {0, 1, 00}
Let m,a,b,c be asalways and f, , :F,— F, ,  beasin§IL

Proposition 22. Suppose p is a rational przme not dividing m and
Q(T, , .)/Q is unramified above p. Then fa AT, 4 ) is unramified above
D.

Proof. Let p be a rational prime of Q above p. Extending scalars to the ring of
integers of K via p, f, , . is cyclic and étale outside u_l{O, 1,00}. It follows
thatif Q € T, , . suchthat #(Q) & {0,1,00} then f,, (Q)C F, (K). Hence

Q(f,, .(0))/Q is unramified at p.
On the other hand, if ﬂ(é ) e {0,1, oo} then it follows from Proposition
6 that u(Q) € {0,1,00} so that Q(f b C(Q)) C Q(uy,,) - As Q(u,,,)/Q is

unramified above p, this completes the proof

Theorem 23. Suppose f: X — P(l)( ) IS an Abelian covering of curves of exponent

m unbranched outside {0,1,00} of genus at least 2. Then f_l{O 1,00} is
contained in a torsion packet T such that Q(T)/Q is unramified outside m
unless X is hyperelliptic, in which case it is unramified outside 2m .

Proof. First we observe that the maximal Abelian covering of P(l)( i) of expo-
nent m unramified outside {0, 1,00} is F,, 4 P(l)(u»,,,) . The Galois group of

this covering is G, (Q) which is a product of two cyclic groups of order m.
Hence X = F, /H over Q(u,,) for some cyclic subgroup of G, . The order
of this subgroup divides m. If #H4 = m then H = H, for some integers
a,b and ¢ suchthat (m,a,b,c)=1and a+b+c —0 Hence in this case,
the result follows from Theorem 9. Thus we may assume #H = d for some
d<m. If m=4 orS5then d =1 since g(X) > 1, and the result follows
from Theorem A of [C-2]. We may now suppose that m > 5. It suffices, by
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Propositions 22 and 13, to show that # C H, , . for some integers a, b,c
satisfying

(%) a+b+c=0, (m,a,b,c)=1
and
(*x) m does not divide a, b or ¢

if m is even. If m is odd we must find a,b,c as above such that
(%% %) (@a,b,c)»(1,1,-2)

by Proposition 8. (Note: This will imply X is not hyperelliptic in this case.)

Let /[ = m/d so that [ > 2. By replacing H with a larger cyclic subgroup
of G,, we may suppose / is prime. Clearly H C H,, . for some a,b,c
satisfying (x). Let r,s,t € Z such that r + s+t = 0. Set ad =a-rd,
b =b-sd,and ¢' =c—td. Then a'+b'+¢' =0 and H C H, , . .Moreover,
(m,a' ,b',c"y=1iff a# rd modl or b’ #sd modl. Also a',b’,c’ satisfy
(xx) if

atrd modm, b#sd modm, c#%tdmodm

and m > 6. If m = 6 we must have in addition that a'b’c’ # 0 mod6.
Suppose for the moment that m > 6. If g, b= 0 then by symmetry we may
suppose that m divides a and (m,b) = (m,c) = 1. It follows that m does
not divide @' =a—-d, b =b or ¢’ =c +d. This completes the proof for
even m greater than 6.

Now suppose m isodd and m > 6. Asabove we can find @', b’ , ¢’ satisfying
(*) and (*x). Suppose they do not satisfy (* x x). Then we may suppose
(@,b,¢y=(,1, —2). Replacing a,b and ¢ with (1 -d,1,d —2) we
obtain the desired result for odd m.

Finally, the case of m = 6 can be handled by inspection.

Theorem A of the Introduction follows from this and Theorem 9, since the
natural map of the Jacobian of X into [], , . J{T » o has a finite kernel of order
dividing a power of m .

VIII. KLEIN’S TWISTED QUARTIC

Let F = F 17 5 _3- Then up to a projective transformation, the canonical
embedding of F in P(?'2 has the equation

(1) X’v+vz+2Zx =0,

which is the equation of the well-known curve of genus 3 studied by Klein [K]
with 168 automorphism. The map is given by (u,w) — (u—1 w? ,w(u-1)).
The curve F is also the unique cyclic Fermat quotient of positive genus ordinary
at 2. This can be verified by an argument similar to the proof of Lemma
15. Also F is not hyperelliptic and is ordinary at 11. Hence by Theorem
Aof [C-1L,if T =T, , 5, #T < 33. Now, as in the proof of Lemma 17,
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the automorphism (X,Y,Z) — (Y,Z,X) of F normalizes H, , _, and
so induces an automorphism 7 of F of order 3. Moreover 7 and G, 23
generate a nonabelian group G of order 21. (Note: The existence and form
of 7 is evident from (1).) The fixed points of 7 are (1 ,w,wz), W E YUy, in
X ,Y ,Z coordinates. Thus every fixed point of a conjugate of 7 by an element
of G is ramified above 3. It follows from Theorem 9 that no noncuspidal
element of T is fixed by any nontrivial element of G.

Let { denote a primitive 7th root of unity. Then the point

P=(-¢" 000 -0

in Pz(Q(,u7)) lies on the curve cut out by (1). By [F] (see also [G-R, §4]) the
rank of the Mordell-Weil group of F over Q(u,) is zero. Hence P € T.
Since P is not a cusp it follows by the above remark that P is not fixed by
any element of G. Hence #GP = 21. Thus T contains the 24-element set
W = C,, _;UGP. Moreover, as we observed earlier, if Q € T — W then
#GQ =21.As 21+24>33, T=W.

For i €{0,1,00}, let ¢, = u! (i) . Prappavessi has checked that the divisor
class represented by

P+1P+1P2—(c0+c1+coo)

has order 2. Hence 2 divides the exponent of the divisor class of P —¢. By
Theorem 9, this exponent is of the form 2.7". By [G] we must have n < 1.
Since F is not hyperelliptic, we must have n = 1. We have proven:

Proposition 24. The cuspidal torsion packet on the Klein curve has order 24 and
exponent 14.

Remark. Compare this result with the example at the end of [C-2] and with
Greenberg [G]. Prappavessi has also shown the group of divisor classes sup-
portedon T is J, , _4(Q(x,)).

Also note that this is a counterexample to Theorem 5.3 of [C-1]. As one can
easily verify, the fourth sentence of the proof of this theorem is true only when
p>2.

It is not difficult to check that the elements in W are Weierstrass points.
Since 24 is the maximum number of Weierstrass points on a curve of genus 3,
W is the complete set of Weierstrass points on F .

From this and the fact that the rank of the Mordell-Weil group is zero we
deduce

Corollary 24.1. F(Q(u,)) = W and is the set of Weierstrass points.
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This implies
Corollary 24.2 (Hurwitz [H]). F(Q) is the set of cusps.

Next we prove that Klein’s twisted quartic is the only curve of genus 3 over
C, up to isomorphism, with 168 automorphisms.

Lemma 25. Suppose C is a curve over C of positive genus g with an automor-
phism of prime order p > max(2, g). Then C is isomorphic to F f o Jor some
a,b,ceZ suchthat a+b+c=0 and (p,a)=(p,b)=(p,c)=1.

Proof. Apply the Riemann-Hurwitz formula.

Corollary 25.1. (i) Let C be a curve of genus 3 over C with an automorphism
of order 7. Then C is isomorphic to F17,1,—2 or F17,2,—3'

(ii) In the first case the automorphism group of C is cyclic of order 14. In
the second it is isomorphic to PSL,(F,) = GL,(F,), and so has order 168.

Proof. Assertion (i) follows immediately from the lemma.

Let G denote the automorphism group of C. If C = F 17 |, then C
is hyperelliptic, and if p denotes the hyperelliptic involution then p is in the
center of G. Hence G/(p) actson C/(p) = P' and must preserve the 8 branch
points, corresponding to w = 0o Or u = % . It is easy to see that the subgroup
preserving these points has order 7. This takes care of the first case.

Now suppose C = F 17 | —3- Toshow that G = PSL,(F,) it suffices to show,
after Hurwitz’s Theorem that #G < 168 and Lemma 25, that there exists a
curve of genus 3 over C on which PSL,(F,) acts nontrivially. For this, first
observe that PSL,(F,) is generated by three elements o, 7, p satisfying

arp=a7=rs=p2=l.
Hence by the Riemann Existence Theorem, there exists a normal covering
X — PlC with Galois group PSL,(F,), unbranched outside 0, 1 and oo, with
ramification indices 7, 3 and 2 respectively. Using the Riemann-Hurwitz for-
mula, again we see that the genus of C is 3, as required.

It is now possible, as Klein [K] does, to compute explicitly the other au-
tomorphisms of (1). We will give a somewhat simpler computation of these
automorphisms than Klein’s.

Identify F with the hypersurface in Pé cut out by (1). Since this is the
canonical embedding of F , the automorphisms of F over Q extend to pro-
jective transformations of Pé .

To compute the automorphism group, it will suffice to find an automorphism

p of order 2 normalizing (t), since this element 7, and Gl7 , _3 must generate

the automorphism group of F . As ptp = 17", it follows that p 1is represented

by a matrix of the form
A B C
B C A4].
C A B
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Now the Weierstrass points of F are preserved by the automorphisms of F .
Hence p(1,0,0)= (A4, B, C) is a Weierstrass point. Since p2 =1, (4,B,C)
is not a cusp. Since 7 is defined over Q, the set of automorphisms S =
{p,pr, prz} is stable under Gal(Q/Q). Hence (4,B,C) has at most three
conjugates. It follows from an inspection of W that

(4,B,C)=-¢", -0 -0

for some primitive seventh root of unity {. These three choices correspond to
the three elements of S. This completes the computation.

Concluding Remarks. 1. Theorem B of [C-2] follows from Propositions 10, 12
and 13, together with Theorem A of [C-2], so long as (m,3) = 1. To deduce
it for all m , one needs to first determine all (J,', )™ ordinary at 2.

2. As explained in the remark following Proposition 13, F:fb . sometimes

has automorphisms not in G;" » . and hence has quotient curves which are not

necessarily Abelian covers of P' unbranched outside {0, 1,00}, hence are not
dealt with by Theorem A. However, their Jacobians have CM and the methods
of this paper should apply to prove Conjecture B of [C-3] for the torsion packet
containing the image of the cusps. We note that these curves and the curves
discussed in this paper are the only curves of genus greater than 3 known to
exist which have CM Jacobians.

3. Let X be as in Theorem A. One should also be able to get some in-
formation on the power of m dividing the exponent of the cuspidal torsion
packet by studying p-adic integrals of the first kind on X for p dividing m.
The knowledge of the stable models for F, , p [C-M] should be useful for this
analysis.

4. It would be interesting to prove Conjecture B of [C-3] for the cuspidal
torsion packets on modular curves. We note that X,(13) has genus 2 and so
the conjecture is valid for it, e.g., the cuspidal torsion packet on X, (13) is
unramified outside 2-3-13 (13 is the unique prime of bad reduction). On the
other hand, one can deduce from the discussion at the end of §6 of [C-1] that
this packet is, in fact, ramified above 2, 3 and 13.
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